On the weighted star discrepancy of lattice rules by Sinescu, Vasile
Bounds on the variance of randomly shifted lat-
tice rules
Vasile
Sinescu
Katholieke Universiteit Leuven
Joint work with: Pierre L’Ecuyer
The variance of randomly shifted lattice rules for numerical multiple integration can be
expressed by the Fourier coefficients over the dual lattice. Bounds on the variance can
then be obtained by making certain assumptions on the smoothness of the integrands,
which is reflected in the rate of decay of their corresponding Fourier coefficients.
Here we only assume that the integrands are square integrable. We allow our integrands
to have the associated Fourier series not absolutely convergent. Thus, our assumptions
are weaker than the usual assumptions made on the space of functions that are integrated
by lattice rules. We obtain a bound for the variance that is the same as the worst-case
error in weighted Korobov spaces, but can be used for a larger class of integrands. It is
known that the square worst-case error in Korobov spaces converges as O(n−α(log n)dα)
for α > 1. We show that we can obtain a refined convergence order of O(n−β(log log n)β),
where 1 ≤ β < α, which has the merit of being independent of the dimension.
We then examine the impact of these randomly shifted lattice rules for some problems
that arise in practice and lead to integrals that fit our assumptions. Such examples are
the likelihood estimation in a mixed logit model and the payoff function of a barrier
option in finance.
Under the assumption that weights are general and the number of points is composite,
we construct good lattice rules by using the well known ‘component by component’
technique or some simpler randomised algorithms and compare the performances of
these algorithms.
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Quasi-Monte Carlo methods can be used to approximate integrals in various weighted
spaces of functions. The uniformity of the distribution of QMC point sets can be assessed
by the weighted star discrepancy. Such a discrepancy is based on an L∞ maximum error
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and has the merit that among other types of discrepancy, it requires lesser smoothness
from the integrand.
This talk will summarise my results on the weighted star discrepancy of lattice rules,
which belong to the larger family of QMC methods. Some recent results on the existence
and construction of lattice rules have been obtained by assuming that the weights are
“general”, the number of points is composite (not necessarily prime) and the lattice
rule can be shifted arbitrarily. These assumptions have only been considered before
separately, not altogether.
We then obtain bounds on the weighted star discrepancy and establish conditions for
tractability and strong tractability. We also compare these bounds with the actual
value of the discrepancy in low dimensions and discuss the future of the weighted star
discrepancy as a measure of goodness from a more practical viewpoint.
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We consider a scalar stochastic differential equation (SDE)
dX (t) = a (t,X (t)) dt+ σ (t,X (t)) dW (t) , t ≥ 0
with initial value X(0). Here W = (W (t))t≥0 denotes a one-dimensional Brownian mo-
tion on a probability space (Ω,F ,P). We assume that the drift and diffusion coefficients
a, σ : [0,∞)×R→ R satisfy standard smoothness conditions that in particularly guar-
anty the existence and uniqueness of strong solution. Such solution is only in exceptional
cases explicitly known, so that approximation methods must be used in general. Our
aim here is to find an approximation ￿X that is pathwise close to the whole correspond-
ing trajectory of the solution X. For the pathwise error we consider the distance in
L∞−norm ￿￿X − ￿X￿￿
L∞[0,1]
= sup
0≤t≤1
￿￿X (t)− ￿X (t)￿￿,
and we define the error eq
￿ ￿X￿ of the method ￿X by averaging over all trajectories, i.e.,
eq
￿ ￿X￿ = ￿E￿￿X − ￿X￿￿q
L∞[0,1]
￿ 1
q
, 1 ≤ q <∞.
We introduce an Euler-type method ￿Xk with k free knots which is based on asymptotic
optimal approximation of a scalar Brownian motion by splines with free knots. We es-
tablish sharp lower and upper bound of order 1/
√
k with an explicit asymptotic constant
for the approximation error of ￿Xk.
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